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Abstract. A survey of the interrelationships between matrix models and held the¬ 
ories on the noncommutative torus is presented. The discretization of noncommu- 
tative gauge theory by twisted reduced models is described along with a rigorous 
dehnition of the large N continuum limit. The regularization of arbitrary noncom¬ 
mutative held theories by means of matrix quantum mechanics and its connection 
to noncommutative solitons is also discussed. 


1. Introduction 

Two of the most novel aspects of noncommutative field theories (see EIEIES for 
reviews) which are not seen in ordinary quantum field fheories are fhe properfies 
thaf (a) They can be regularized and analysed by means of mafrix models; and (b) 
In some insfances fhey admif novel solifon solufions wifh no commufafive coun- 
ferparfs. Properly (a) stems from fhe facf fhal noncommufafive fields are mosl 
convenienfly underslood and analysed as operafors acling on separable Hilbert 
spaces. Property (b) inslead is due fo fhe fad fhal noncommufafive field Iheo- 
ries behave in many respecls like siring Iheory, ralher lhan conventional quanlum 
field Iheory, and noncommutative solitons correspond to D-branes in open string 
field iheory of fachyon dynamics (see d for a review). In fhis survey we will 
describe some aspecls of fhe interrelationship belween mafrix models, noncom- 
mulalive solitons and field Iheory on fhe noncommufafive lorus. The firsl half of 
fhe arficle deals wifh fhe finite-dimensional regularizalion of Yang-Mills Iheory 
on a Iwo-dimensional noncommutative torus lUl and the precise definition of the 
large N limit of this matrix model d- The second half demonstrates that the two 
novel properties (a) and (b) above are in fact intimately related through a regular¬ 
ization of noncommutative field Iheory by means of mafrix quanfum mechanics 
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which has a much simpler and tractable large N limit than its zero-dimensional 
counterpart GU. 

2. Matrix Models and Gauge Theory on the Noncommutative Torus 

We begin with an account of how the large N limit of a particular matrix model 
naturally leads to considerations of gauge theory on a noncommutative torus. This 
is the classic Connes-Douglas-Schwarz formalism p6l| which was the original link 
between open string theory in background fields and noncommutative geometry 
through compactifications of Matrix Theory. 

2.1. The IKKT Matrix Model 

Consider the statistical mechanics of d > 2 complex N x N matrices Xi G 
M 7 v(C), i = 1,... ,d which is defined by fhe infegral 

Z= f (1) 

where dXi for each i = 1,... , d is fhe franslafionally invarianf Haar measure on 
fhe Lie algebra M 7 v(C) and fhe acfion 

1 

is a holomorphic function on fhe space C'^ x M 7 v(C). The symbol Tr is fhe usual 
mafrix frace and > 0 is a coupling consfanf. Nofe fhaf fhe Lie algebra MAr(C) 
is also an associative *-algebra. 

The zero-dimensional mafrix model Q is simply fhe dimensional reduction fo a 
poinf of Yang-Mills gauge fheory on wifh sfrucfure group GL(A^, C), i.e. we 
resfricf fhe usual Yang-Mills action funclional fo constant gauge fields. If pos¬ 
sesses fwo fundamenfal symmefries. Regard X G M 7 v(C) ® wifh componenfs 
Yi,..., Xd in a fixed basis of fhe vector space C^. Then fhe function © is in¬ 
varianf under fhe acfion of fhe complex orfhogonal group SO(d, C) under which 
X Iransforms as a vecfor. This symmefry is jusf Lorenfz invariance. The action is 
also invarianf under fhe fransformafions 

Yi I —> UXiU-^ , [/ G GL(Y,C) . (3) 
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This symmetry is gauge invariance. We will restrict the integral Q over a real 
slice of the space x M7v(C) by truncating to hermitean N x N matrices Xi € 
u(N). Then the hermitean matrix integral 0 defines the IKKTmatrix model 1141 . 
The gauge symmetry 0 in this instance restricts to unitary matrices U G U(A/^). 

This matrix model has many interesting applications which all require some for¬ 
mal N —>■ oo limit to be taken. Firstly, identify Moo(C) as the ^-algebra of opera¬ 
tors of the form 7)+A with V a first order differential operator with constant coef¬ 
ficients and A an operator of multiplication on a function which decreases rapidly 
at infinity in M'^. The matrix model then reduces to ordinary gauge theory on 
Secondly, let C°°(S) be the algebra of smooth complex-valued functions on a 
compact Riemann surface S equiped with a symplectic structure u) G 5(S). Then 
one can construct a sequence of “quantization” maps '■ C°°(S) —> MAr(C) 
such that N [(JN{f),(TN{g)] CFN{{f, 9}uj) and A^Tr unU) ^ w / in the 
limit N ^ oo. Let X : S ^ R'^ be an embedding of the surface in flat space. 
Then the extrema of the action S{X) — Avol^(S) regarded as a functional on 
C°°(S) X C'^ X 5(S) coincide with those of the Nambu-Goto action which com¬ 
putes the area of the embedded surface S. This connects the IKKT matrix model 
to the Green-Schwarz string ca. Finally, the action 0 itself has a general set of 
classical vacuum states provided by configurations Xi with [Xi,Xj] = iBij 1, 
where Bij = —Bji are real constants. For Bij ^ 0 these equations only have 
a solution when N ^ oo whereby Moo(C) is regarded as the C*-algebra JC of 
compact operators acting on a separable Hilbert space. 

These realizations all form part of the circumstantial evidence which has led to 
the conjecture <141 that the large N limit of the matrix model O provides a non- 
perturbative definition of Type IIB string theory. The vacua described above cor¬ 
respond to position coordinates of D-branes and these considerations immediately 
lead to noncommutative spacetime geometries j3l|24l. The rigorous definition of 
the large N limit here along with the precise meaning of convergence will be 
described later on. 


2.2. Toroidal Compactification 

We will now make the heuristic appearence of noncommutative geometry de¬ 
scribed above more precise [16|. Let us compactify the space R'^ along the (12)- 
plane to x where is a square two-torus of sides Ri and i? 2 - Since 

we interpret the N x N hermitean matrices Xi above as “coordinates” in R'^, 
we would like to define the toroidal compactication of the IKKT matrix model. 
This means that we should define a restriction of the action 0 to a subspace of 
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u{N)0W^ where an equivalence relation Xi ~ Xj + 27r i?* 1, i = 1, 2 is satisfied, 
i.e. S{Xi + 271 Ri 1) = S{Xi) for f = 1,2. Using the gauge symmetry we 
define fhis equivalence relation as unifary gauge equivalence and hence consider 
fhe quotient conditions 

Xi + 27r Ri TL = Ui Xi ^ , i = 1, 2 

Xj = UiXjUr^ , \/j ^ i , j = I,... ,d , i = 1,2 (4) 

where Ui and U 2 are unifary, U~^ = Uj. 

Taking fhe frace on bofh sides of fhe firsf equafion in shows fhaf fhese con- 
difions cannof be satisfied by finife-dimensional mafrices unless Ri = R 2 = 0. 
Thus we lake fhe formal large N limif again and search for solutions lo fhese equa- 
fions in lerms of operators Xj, Ui on a separable Hilbert space H. Consislency 
of fhe quofienf condifions requires fhaf fhe objecl Ui U 2 commutes wilh 

all Xj, j = 1, ... ,d. A nalural choice is fhen to sef if equal fo a scalar operalor 
on H, Ui U 2 1 / 2 ”^ = A 1. Unilarily resfricls A = for some 0 G M. We 
Ihereby find fhaf fhe unifary operators Ui and U 2 obey fhe relation 

UiU2 = e^^'^^ U2U1 . ( 5 ) 

Wilh fhe relafion dU, Ui and U 2 generate a noncommulalive, associafive unilal 
^-algebra As wilh frace called fhe noncommutative torus fSj- A typical “smoolh” 
elemenl f ^ Ae is of fhe form 

/ = E ^2" (6) 

n£l? 

where {/„} G S{I?) is a Schwarlz sequence. The frace on Ae is fhen defined by 

^ / = Tr (/) := /o . (7) 


2.3. Solution Space 

To determine fhe slruclure of fhe solutions Xi lo fhe quofienf conditions (Hi, lei us 
momenlarily sef 0 = 0. In fhis case we can lake TL = L^(T^, E) to be fhe Hilberl 
space of square-inlegrable seclions of a hermifean vecfor bundle E T'^. The 
operafors Ui, 1 = 1,2 may be represented on 77 as poinlwise mulfiplicafion by 
fhe functions where ai G [0,27r) are angular coordinates on fhe torus. Thus 
fhe Ui generale (via Fourier expansion) fhe commulafive algebra of functions / 
on a fwo-lorus dual fo T^. The firsl equafion in Q is fhen simply fhe Leibnilz 
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rule for a connection on the bundle E given by Xj = Wi + Ai, i = 1, 2 and 
Xj = Aj for j > 2, where Vi, V 2 specify a constant curvature connection and 
Ai G C°°(T^, End(i?)). This solution is unique up to unitary equivalence. 

For 9^0, the quotient conditions imply that Xi, X 2 are connections on a module 
E over the algebra Ae, while Xj G End^g (E) for all y A 1)2. To describe these 
solutions explicitly, fix q G Z and p G 'L/q'L with p, q coprime. Set 

E = Ep^q:=L^{R)0a (8) 

and let Vj, z = 1,2 be connections on Ep^q of constant curvature 

[Vi, V 2 ] = 1 . (9) 

p — q9 

The separable Hilbert space (M) is the Schrddinger representation of the Heisen¬ 
berg algebra which by the Stone-von Neumann theorem is the unique irre¬ 
ducible module. The finite-dimensional Hilbert space is the irreducible q x q 
representation of the Weyl algebra 

rir2 = e2’"'p/'?r2ri (lO) 

which is uniquely solved (up to unitary equivalence) by SU(q) clock and shift 
matrices Ti and r 2 . Acting on we then take 

= exp(^ (p - 5 0) Vi) 0 Tj , z = l,2. (11) 

This construction stems from the property that projective modules over the algebra 
Ae are classified by fhe K-fheory group Ko(>l6i) = Z 0 Z. If 0 is an irrafional 
number, fhen fhe frace © defermines an isomorphism Tr : Ko(.4e) h + Z6 
as ordered subgroups of M iniiii. Sfable modules are classified by fhe posifive 
cone KjJ" (^g) defined by posifivify of fhe Murray-von Neumann dimension 

dim{Ep^q) = Tr E{Pp,q) = P - qO > 0 (12) 

where Pp g is a hermifean projector (Pp^g = Pp,g = Pp,?) such fhaf Ep^q = 
Pp^qA^ for some N. The finilely-generaled projective module Ep^q is called a 
Heisenberg module. 

2.4. Noncommutative Gauge Theory 

From fhe considerations above, we have fhus shown fhaf fhe general solutions of 
fhe quofienf condifions @ on a Heisenberg module E = Ep g are given by 

= iXi A Ai , i = 1,2 
= Aj , j >2 


Xi 


(13) 
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where Ai G End^g are elements of the commutant of Ae in Ep^q, i.e. the 
set of operators on Ep^q which commute with the irreducible representation (fm . 
A straightforward computation shows that any such element admits an expansion 

(14) 

where the endomorphisms Zi, Z 2 are defined by 

{Z 2 fk){s) = <?’•>“/■> h{,+ ^) (15) 

for (/i,..., fq) G Ep^q = L^(]R) (g) C*?. We have chosen a, 6 G Z to satisfy the 
first order Diophantine equation 


ap + bq = 1 . 


(16) 


One easily computes that Zi , Z 2 generate another noncommutative torus Ag' = 
EndAq{Ep^q) since 

Z 1 Z 2 = Z 2 Z 1 (17) 


where 


aO + b 
p — q6 


(18) 


lies in the SL(2, Z) Mobius orbit of 0 G M. This means that Ag' is Morita equiv¬ 
alent to the algebra Ag, with Ep^q the equivalence bimodule. Finally, setting the 
j > 2 components to 0 we find by substituting (fT^ into the matrix model action 
© the functional 


5(X) =YM(A) := -^Tri5[iVi + Ai, iV2 + 4l2]" . (19) 


The noncommutative field theory defined by this action is just Yang-Mills theory 
on the Heisenberg module E = Ep^q. 


3. Matrix Models and Gauge Theory on the Fuzzy Torus 

In the previous section we began with a matrix model given by a perfectly well- 
defined integral over the finite-dimensional space u{N) ig) However, for the 
toroidal compactification of the model it was necessary to pass to a formal limit 
whereby the matrix rank N 00 and rewrite objects in terms of (compact) op¬ 
erators on a separable Hilbert space. We would now like to understand the origin 
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of this large N limit better and to make it more rigorous. We will examine how 
and to what extent the noncommiitative torus algebra Ae admits representations 
in terms of finite-dimensional matrix algebras. This will unveil precisely how a 
non-perturbative regularization of noncommutative gauge theory can be obtained 
and how the large N continuum limit which removes the regulator N must be 
taken. 

3.1. The Eguchi-Kawai Model 

Let us begin by sketching the basic idea behind the finite-dimensional approxi¬ 
mations that we shall construct. If 0 = ^ is a rational number with M, G N 
coprime, then there exists a surjective algebra ^-morphism vr : Am/n MAr(C) 
defined on generators by 


7r(t/i) = Tj , i = 1,2 


( 20 ) 


where Ti and T 2 obey the Weyl algebra Ti r 2 = r 2 Ti, and thus gener¬ 
ate the finite-dimensional matrix algebra In this context the associative 

♦-algebra generated by the Weyl algebra is sometimes called the^zzy torus. Since 
any irrational number 9 can be written as the limit of a sequence of rational num¬ 
bers, we can anticipate that some sort of limiting procedure also works at the level 
of the corresponding algebras. This issue will be addressed in the next section. 

A compact version of the IKKT matrix model (1112b can be defined by exponentiat¬ 
ing everything from the Lie algebra to the Lie group. Hence we define the matrix 
integral 

Z = [ (21) 

where dUi for each i = 1,..., d is the left-right invariant Haar measure on the 
N X N unitary group U(Af) and 



( 22 ) 




This unitary matrix model is called the Eguchi-Kawai model pS]. For “infinites¬ 
imal” values Ui = \ -\- iXi, X-i G u{N) it reduces to the IKKT matrix model. 
It is the reduction of U(A^) Wilson lattice gauge theory on to a single pla- 
quette. The matrix model possesses the gauge symmetry Ui ^ Q.Ui 12“^ with 
VL G U(A^). 
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3.2. Compact Quotient Conditions 


In the Eguchi-Kawai model there is a perfectly well-defined finite-dimensional 
version of the quotient conditions for toroidal compactification which are obtained 
via exponentiation of the constraints ©ffi. They are given by 

Ui Ui, ri€Z, i = l,2 

= Uj , yj ^ i , j = 1,... ,d , i = 1,2 (23) 


where ^1,122 G U(A^). Taking the trace of both sides of the first equation in 
dH now only requires that Tr (Ui) = 0 for i = 1, 2. This truncates the matrix 
integral (EB to traceless unitary matrices, but the equations are still consistent for 
finite-dimensional matrices. Similarly to the non-compact case, the consistency 
condition generated by the quotient conditions (|23j can be chosen to be given by 
fit 122 = 122 12i for some I G N. 

We can solve these quotient conditions by introducing discrete versions of the 
gauge connections described before acting on finite-dimensional modules over 
the matrix algebra MAr(C). Let N = M q, M = mnq, and represent the non- 
commutative torus algebra Ag in Mm(C) 0 Mg(C) = M 7 v(C) through 

I2i = (r2)”^ 0 (fl)^, 122 = (ri)™ 0 (24) 

where Ti r 2 = T 2 Ti and f 1 f 2 = fa f 1 . Then one has 12i 122 = 

I 22 I 21 with 

e = P-^. (25) 

q nq 

The commutant of Ag in 0 is easily seen to be generated by the 

matrices (Til 

Zi = (Ta)*^ 0 tl , 02 = (rl)” 0 (fa)^ (26) 


which obey Zi Z 2 = Z 2 Z\ and thereby generate another noncommutative 

torus representation of Agi in MAr(C) with 


n a aO + b 
mq q p — qO 


(27) 


3.3. Discrete Noncommutative Gauge Theory 

We can introduce a fixed discrete gauge “connection” on the module by set¬ 
ting Tl = r 2 = mq and defining 

Di = rl 0 Iq , 122 = Ta 0 kg . (28) 
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It has constant curvature given by 

D, D2 = exp(^ n rs) D 2 Di . (29) 

Setting Uj = TLn for j > 2, the most general solutions to the compact quotient 
conditions (El are then given by 


U^ = U^D,, i = l,2 (30) 

where Ui G Ae' are elements of the commutant of Ae, i.e. Oj Ui oj = Ui for 
i,j = 1, 2. Substituting into the matrix model action (El thereby leads to a 
discrete version of Yang-Mills gauge theory with action 

^{ilD) = W{U) := -jj Re Tr 


-2ni/M (^2 Ul DI) ill 

The exact solution of this matrix model forn = 1 is given in m. 


(31) 


A basis for the solution space Ae' is provided by the matrices 

= (32) 


with m G {'L/mq'L)'^. In terms of this basis we may expand the discrete 
fields as 


Ui = 


1 

(m qY 




gauge 

(33) 


where x = {xi,X 2 ) with Xj = 0,1,... , mq — 1. This maps the discrete gauge 
theory defined by fhe acfion (EB onfo a noncommufafive version of Wilson laffice 
gauge fheory on n EH- 


4. Large N Limit 

We will now describe precisely fhe large N limif of fhe finile-dimensional ap¬ 
proximation of Section 3 which leads back fo fhe original noncommufafive gauge 
fheory consfrucfed in Secfion 2. We will focus on how fo do fhis af a purely alge¬ 
braic level, and fhen discuss some of fhe imporfanf fopological consequences of 
fhe consfrucfion. 


4.1. AF-Algebras 

The idea behind fhe consfrucfion of fhis secfion is fo fake fhe “large N limit” 
by embedding the noncommutative torus algebra Ae into an approximately finite¬ 
dimensional (AF) algebra 

Aoo = lim An 


(34) 
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defined as the norm closure of the inductive limit of an inductive system 

Ao ^ ^ A2 ^ An (35) 

where each An is a finite-dimensional C*-algebra with the usual operator norm 
II — and pn are injective =t:-morphisms. The inductive limit is a C*- 
algebra with norm given by 

||(/n)neNo|L^ := (36) 

with fn G An- We can use the embeddings (ESJl to identify An with a subalgebra 
of An+i as 

In ^n+1 In 

An = ^ M^(„) (0^00 M^(.) (C) ® (37) 

j=i ' k=i j=i " 

with M („) (C) ( 2 ) C M ( n+i)(C). The non-negative integers N^j 

J a. dj, 

must obey the consistency conditions 

^ Nkj df = 4”+^^ (38) 

f=i 

which define a collection of partial embeddings \^kj 

The important point is that the algebra Ae is not an AF-algebra. This can be 
seen, for instance, at the level of K-theory. The degree 1 K-theory group of any 
finite-dimensional algebra is always trivial, and since K-theory is covariant under 
inductive limits one has Ki(Aoo) = 0. On the other hand, the noncommutative 
torus has non-trivial K-theory group Ki(^ 0 ) = Z 0 Z, with generators the unitary 
equivalence classes of Ui and 0- Thus, at the level of zero-dimensional matrix 
models, the large N limit can at best be defined by an embedding Ae ^ Aoo- This 
has the consequence of making the large N limit rather complex, a property also 
witnessed of the complicated double-scaling continuum limit of the noncommu¬ 
tative lattice gauge theory of the previous section flUID- We will see a cleaner way 
to treat the large N limit later on via one-dimensional matrix models. An approx¬ 
imation of the noncommutative torus by fuzzy tori with respect to the quantum 
Gromov-Hausdorff metric has been recently constructed in (TS). 
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4.2. Rational Approximation 


To realize this construction explicitly mui, we expand the irrational number 
0 G M \ Q into simple continued fractions as na 


6 = lim 9n 

n^oo 


(39) 


with the n-th convergent of the expansion given by 


Q -P^ - 

7n — - Co + 

qn 


1 


Cl + 


C2 + 


Cn— 1 T 


Cn 


(40) 


where G N for A: > 1, cq G Z, and the coprime integers pn, Qn can be computed 
from the recursion relations 


PO — Cq , Pi — Cq Cl + 1 , Pn — CnPn—1 T Pn—2 

= 1 , qi = Cl , Qn = Cnqn-l + qn-2 (41) 

for n > 2. It follows from these relations that the positive sequences {qn} 
and {|pn|} increasing with qn,\Pn\ oo as n ^ oo. The desired finite¬ 
dimensional algebra An at level n G No is then given by 

An := (C) © (C) (42) 

with the embeddings pn ■ An-i > An defined by 

M ®N ^ © AT) © M (43) 

for M G (C) and N G Mq ^_2 (C). Af each finife level n, lef be 

fhe generators of fhe noncommutative torus algebra Ae^ obeying 

jj{n) jj(n) ^ jjA) ^(n) _ 


4.3. Matrix Approximation 

We can finally derive fhe mafrix approximation fo fhe algebra Ae which rigorously 
accomplishes fhe desired large N limif of fhe unifary mafrix model. As menfioned 
in fhe previous secfion, for each n fhere is a surjective algebra homomorphism 
TTn : Ae^ (C) given by 




(45) 
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with the Qn X qn clock and cyclic shift matrix generators of Mq^(C) 

which obey the Weyl algebra 

rjn) p^n) ^ g27rip„/g„ ^(n) p(n) ^ 

Then the subalgebra 7r„(^0^) © 7r„_i(^0^_ J C An is a finite-dimensional ap¬ 
proximation of Ag in the following sense IT^ . Since ll2()l 

^1^ ||pn(rl”“^^ © © rf = o (47) 

for i = 1,2, it follows that there exist unitary operators Ui € which are 
limits of sequences of finite-rank operators in the inductive limit with respect 
to the induced operator norm (|36j on Aoo, and which obey the defining relafion 
© of fhe noncommufafive forus. Thus fhere exisfs a unifal injecfive ^-morphism 
P • Ag > Aqq. 

If is in fhis sense fhaf fhe elemenfs of fhe algebra Ag may be “approximafed” 
by sufficienfly large finife-dimensional mafrices and fhe large N limif fhus faken, 

in) 

since for n sufficienfly large fhe generafors T^^ are well approximafed by fhe 
images under fhe injecfion pn of fhe mafrices generating Ag^_^. The em¬ 

beddings pn : An-i —> An abovc are complefely characferized by fhe sequence 
of parfial embeddings {cnjnGNo associafed wifh fhe positive maps —> I? 

given by 

(t'-l) > o) • (48) 

If follows fhaf fhe K-fheory group Ko(^oo) can be obfained as fhe inducfive limit 
of the inductive system of ordered groups {ipn : Ko(An-i) ^ Ko(^n)}nGNo- 
Since Ko(^n) = Z © Z (with the canonical ordering K^(^„) = N © N) for 
all n > 0, there is an isomorphism of ordered groups Ko(^oo) = Z + Z61 with 
positive cone K^(Aoo) = {{p,q) G ; p — > 0}. This coincides with the 

K-theory of the noncommutative torus algebra Ag. 

The sets Z + Z 0 and Z + Z 0' are isomorphic as ordered groups if and only 
if the irrational numbers 6, O' lie in the same SL(2,Z) orbit as in (fT^ E), i.e. 
the algebras Ag and Ag/ are Morita equivalent. Equivalently, the continued frac¬ 
tion expansions of 6 and O' have the same “tails”. This has two important con¬ 
sequences CD. Firstly, Morita equivalent tori have the same K-theory group. 
Secondly, Morita equivalent noncommutative tori can be embedded in the same 
AF-algebra A^o (up to isomorphism), because their sequences of embeddings are 
the same up to a finite number of terms. 
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5. Noncommutative Solitons 

Given the complexity of the large N limit required of the zero-dimensional ma¬ 
trix models of noncommutative gauge theory, it is desirable both physically and 
mathematically to seek alternative matrix regularizations for which a simpler con¬ 
tinuum limit exists. We will now describe precisely how to do this using one¬ 
dimensional matrix models, i.e. matrix quantum mechanics. The large N limit of 
these matrix models does not require a complicated double-scaling, nor is it the 
conventional’t Hooft planar limit. The matrix approximation is intimately related 
to the regularization of generic noncommutative field theories by means of soli¬ 
tons on the noncommutative torus, to which the present section is devoted. This 
formalism also has the virtue of making contact with the relationship between 
noncommutative field fheory and fhe dynamics of D-branes in siring fheory. 

5.1. D-Branes and Solitons 

Lei us begin by briefly describing fhe somewhal simpler siluafion of solilons 
on fhe noncommulalive plane, viewed in lerms of operators on fhe Fock mod¬ 
ule (Schrddinger represenfafion) over fhe Heisenberg algebra. Open siring field 
fheory on Ibis module is described by a pofenfial energy functional V. Resfricf 
to sialic solutions of fhe equations of motion. Suppose fhal V = H(T^) is an 
even functional of hermilean elemenls T corresponding to lachyon fields. Then 
fhe equations of motion are T1/'(T^) = 0, which for polynomial functions V 
can be solved in lerms of projections T = T^. Lef {|n)}„gNo be fhe slandard 
orlhonormal number basis for fhe Fock space. Then fhe basic rank N projeclor 
Tjv, having Tr (Tat) = N, is given by 


N-l 



(49) 


and if describes N DO-branes silling inside a D2-brane. In deformalion quanfi- 
zalion fTH . the Wigner function corresponding to the operator Ti is a gaussian 
field on cenlred aboul fhe origin wilh widlh proportional lo and hence 

corresponds to a solifonic “lump”. This is fhe basic GMS solilon fTTIl . More 
generally, if V = H(TT1^ — 1) -|- — 1) is a functional of generically 

complex operators T, Ihen fhe sialic equations of mofion are solved by partial 
isomelries T = T T^^ T. Equivalenlly, fhe operalors T^ T and T T^^ are projec- 
lions. Such lachyon fields describe brane-anfibrane sysfems and fhe basic partial 
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isometry T = S of the Fock module is provided by the standard shift operator 

S = ^ |n + l)(n| . (50) 

neNo 

The analogous quantities on the noncommutative torus are much richer and in¬ 
tricate, and it is the purpose of the remainder of this section to demonstrate how 
they are constructed. In the next section we will then show that fields on the non¬ 
commutative torus Ae are expandable in a basis of projection and partial isome¬ 
try solitons. The solitons generate subalgebras An C Ae which are isomorphic 
to two copies of the algebra of matrix-valued functions on a circle of the form 
An = (§^) © Mq 2 „_i (§^)^ and for which the convergence to as n ^ oo 

is “exact” in the sense that Ae is the inductive limit fTTl |9| 

Ae = lim An ■ (51) 

riGNo 

It follows that any field theory on Ae is a matrix quantum mechanics with a much 
simpler large N limit than before. 

5.2. Powers-Rieffel Projections 

Given the generators Ui,U 2 of Ae obeying (|5ll and the continued fraction expan¬ 
sion (1591401 . we define two towers of projections 

Pn = U-'^^-^gn + fn+gnUf^-^ 

Pn = Ul^-g'n + fL + g'nU^'^^-. (52) 

To ease notation, we will drop the sequence labels n G No until we look at the 
n ^ oo limits explicitly, and denote q := q 2 n and q' := q 2 n-i- Then q,q' ^ oo 
in the limit we are interested in. The algebra element / = /?(/) is in corre¬ 
spondence with a function / G C'^(§^) through the map p : C°°(§^) —> Ae 
defined on generators by p{z) := Ui, where ^ is the coordinate of the circle 
Similarly, f = p'{f') corresponds to a function f on through the dual map 
p' : C°°(§^) —> Ae given by p'{z) := U 2 , and analogous statements are true of 
g,g'. The traces of these elements are given by ^ / = /(I), and so on. 

The functions /, g, /', g' G take values in the interval [0,1] and are called 

bump functions because they are zero almost everywhere on El- They are 
chosen so that the elements (|52j satisfy three basic requirements: (a) They are 
projectors, = P and P'^ = P'; (b) They have ranks -J P = p' — q' 6 =: P 
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and^ P' = —{p — qO) =: f5'', and (c) They have Chem numbers ci(P) = — g' 
and Cl (P') = q. This fixes the K-theory classes of the projectors dH which are 
interpreted as (D2, D0)-brane charges {p', —q') and (—p, q) respectively in open 
string field theory |3|. The non-trivial generator of Ko(^6») has charge (0,1) and 
is called the Powers-Rieffel projector lED- 


5.3. Orthogonal Projections 

Let us focus for the moment on the first tower of projectors P in (|52j. In defor¬ 
mation quantization EH, the Wigner function corresponding to P is not a lump 
as in the case of the noncommutative plane, but rather exihibits stripe patterns on 
the torus with area proportional to (3 fTTl . One set of stripes displays periodic 
lumps with period q' , which is a manifestation of the UV/IR mixing phenomenon 
in noncommutative field theory since the size of the soliton grows with its oscil¬ 
lation period. We can now “translate” the projector P along the first cycle of 
through the outer automorphism a : Ae ^ Ae defined by 

oi{U2) = U2 , a{Ui) = Ui . (53) 

Iterating, we may then define a new set of projections for i = 1, ..., g by 

p*^=a*-i(P). (54) 

They form a system of mutually orthogonal projection operators with 

P** pn = pii , (55) 

It is convenient in this construction to represent the algebra on the GNS repre¬ 
sentation space H := L^(^e , -f ). The images of the projectors then define 

the Chan-Paton subspaces Hi := im(P**) C H with End(?fj) = As P“ the 
algebra of open string modes ending on the D-brane state determined by P**. One 
has P**|-Kj = 1 and Hi C ker (P-^-^) for j A t- 

5.4. Partial Isometries 

Let us define the operator 

n2i p22 pll (5g) 

It can be regarded as a closed bounded operator 11^^ : Hi H 2 , but it is not 
an isometry since (n^^)1^ A 1- H it admits a polar decomposition given 

by El 

n2i 


p|;21 p21 


(57) 
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where | is a hermitean operator and G is a partial isometry with |I9'] 

lim ||n^^ - = 0 . (58) 

For i = 1,... ,q — 2 the translated partial isometries 

pi+ 2 ,i+l _ ^ pji (. 59 ^ 

satisfy the matrix unit relations 


pij pki ^ pii _ 


(60) 


These relations can be used to generate a set of operators P*-^ : Hj —> Hi, i.e. 
p*j g p^^ pij _ In a similar fashion, from the second tower we can construct 
q'‘^ matrix units P'® which are orthogonal to P®T 


6. Noncommutative Field Theory as Matrix Quantum Mechanics 

We will now use the systems of projections and partial isometries above to con¬ 
struct the desired one-dimensional matrix model ITTl . We will first build the sub¬ 
algebras An and state the basic matrix approximation theorem at the algebraic 
level. Then we demonstrate how to transcribe generic field theory actions on Ae 
into matrix quantum mechanics which can serve as precise non-perturbative reg¬ 
ularizations of the continuum field theories with tractable large iV limits. 

6.1. The Matrix Approximation 

The collection of operators { P®-^} do not quite close aqxq matrix algebra, because 

plq pl2 p23 . . . pq-l,q ^ ^q-l ('p21^ _ 

However, both operators in (ETT i are isometries on Hq —> Hi and consequently 
are related as 

aQ-i(p2i) = ^ piQ (62) 

where z is a unitary operator on Hi, i.e. a partial isometry on the whole of the 
Hilbert space H. We may regard z as the generator of the algebra C°°(S^). Then 
the operators {P®-^ , z} close a subalgebra of Ae which is naturally isomorphic to 
the algebra Mg (S ^) of q x q matrix-valued functions on a circle. An analogous 
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construction in the second tower gives a collection {P'* z' }, and combining the 
two towers thus gives the matrix subalgebras 

An = Mg (§^) © Mg/ (S^) c Ae ■ (63) 

The important point here is that An is a subalgebra of Ae- 
By using the continued fraction expansion (139140b it is possible to define a system 
of embeddings on the sequence of subalgebras {^njneNo realize the non- 
commutative torus algebra Ae as an inductive limit (151b IITtI . To describe the 
convergence theorem explicitly, we define fhe operafors 

Ui = \z' ), U 2 = (z) © ^ . (64) 

The operator T^'^^ is, wifh respecf to fhe sysfem of mafrix unifs G Ae, the 
standard q x q clock matrix in the g-th root of unity ^ . The operator T^'^^ (z) 

is the same as the standard shift matrix except that its component multiplying the 
matrix unit P'^^ is z. It coincides with the standard cyclic shift matrix T^'^^ = 
r 2 '^^(l) at z = 1. One still has the usual Weyl algebra d46l) . and also = 

Ig, = 2 ; Ig. Completely analogous relations hold for the second tower, 

and it follows that the elements Ui,U 2 generate the matrix subalgebra (163b . We 
may define a resfricfion map 7 ^ : > An on generafors by 

'yn{Ui) = Ui, i = l,2. (65) 

Then for any elemenf f e Ae the image 7n(/) := / © /^ G -An converges to / 
in the sense that fTTIl 

||/-7n(/)||-^ = 0 . (66) 

The mapping 7 ^, which is not an algebra homomorphism, defines fhe soliton ex¬ 
pansion of noncommufafive fields. 


6.2. The One-Dimensional Matrix Model 

We will now describe how fo consfrucf mafrix model acfions which approximafe 
generic field fheories on fhe noncommufafive torus fTTIl . Lef di : Ae ^ Ae be fhe 
oufer derivafions represenfing fhe acfion of fhe franslafion group of which are 
defined on generafors by 


di{Uj) = 27ri(5ig Uj , 


i,j = 1,2 . 


(67) 
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Let be a collection of fields in Ae with lagrangian £(<!>, (<!>)) G Ae- Field 

theory on Ae is then defined by fhe action 

S{^) = j , di{^)) . ( 68 ) 

In the setting of Sections 3 and 4, we use the map vr^ : (C) defined 

by TTniUi) = (c.f. eq. (l43l l and the discrete derivatives to approximate 

this field fheory by a zero-dimensional mafrix model with action |!2!| 

5® ($) = Tr C{7Tnm , A vr„($) d} - 7r„($)) . (69) 

We will now find a mafrix quanfum mechanics action corresponding fo 

fhe approximafion 'jn ■ Ae An defined by (1^ . 

Lef us begin by describing how fo franscribe fhe frace in d^ . On Ae if is defined 
on generic elemenfs © by ^ = 6ni,o Sn 2 ,o- On the mafrix subalgebra 

An, it is possible to work out^ using the trace properties^ P*-^ = (3 6ij 

of the matrix units. Using the rapid decay property of Schwartz sequences, in 
the limit n —> oo one finds fhaf a good approximafion is given by fhe expecfed 
definifion 

-fln{f)=P [ dr Tr /(r)-h/?' f dT'Tr/'(r') (70) 

J Jo Jo 

where we have paramefrized fhe circles in fhe fwo lowers hy z = and 

z' = wilh T, r' G [0,1). 

The approximafion of the derivations iTj is much more involved. Let us focus 
on the first tower in d6^ and expand the component of 7 „(/) in this tower as 

•^= E E(71) 

1 , 771=1 /cGZ 

with f{i+rq,ni+kqy By Considering the projection jn{di{f)) on 

Ae —> An and using the Schwartz property in the limit q —> cx), we define the 
operators 

Q 

Aifiz) := 27ri ^ z’^ r[r 2 {zr 

1 , 771=1 /cEZ 

^ 2 f{z) := 27ri ^ + kq) (t>im-,k z’^ T[T 2 {z)'^ . (72) 

l,m=l k£lA 
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These operators converge to the derivations di in the limit n —> cx). At finite n 
they satisfy an “approximate” Leibnitz rule, in the sense that they only become 
derivations at n —> oo. To write these as operators acting on the expansion of 
f in the system of matrix units one now needs to compute the change of 
orthogonal bases between and T^^ T 2 {z)^ El- 

By performing an identical analysis in the second tower, in this way one finds fhaf 
fhe action funcfional dti^ is well approximafed by fhe one-dimensional mafrix 
model wifh acfion 

5W(ci>) = /3 rdrTV£($(r), A,$(r)) 

do 

+ /3' / dr'Tr £($'(/), Ai$'(r')) (73) 

Jo 

where 7 n(d>) := ^(r) 0 ) and 

Ai$(r) = S$(r), Ai ) = (?'$'(/)+[S', $'(r')] 
A 2 $(r) = g$(r)+[H, $(r)] , A 2 $'(r') = SV(r') (74) 

wifh fhe dofs denoting a derivative wifh respecf fo r or r'. The q x q mafrix 

Eim = 27rim6im, (75) 

is an “infinifesimal” version of fhe clock mafrix The anfihermifean oper¬ 
ator S is defined by (S/)(r)zm = Y,s,t f{r)st wifh 


^ {t )lm,st — 


27r i 

q 


E 


g27ris' {l-s)e2n 


J St^s+l-m , m<l , l<s<q+m-l 

, j<i , q+m-l+l<s<q 


(76) 

and if can be regarded as an “infinifesimal” version of fhe shifl mafrix T^'^^ 

The forms dH (along wifh (ill) of fhe derivafion A illusfrale fhe role of fhe 
fwo lowers in fhis mafrix approximation. The roles of fhe componenls of A are 
inferchanged befween fhe fwo towers, and acfing on Schwartz sequences fhey 
“compensafe” each ofher in fhe n —> oo limif. Because of fhe induclive limit 
property (ED, the convergence of dH to the original continuum action dMl is 
“exact” and the large n limit may be taken directly. This is in marked contrast to 
the large n limit required of d69l which involves a complex double scaling limit 
via an embedding of the noncommutative torus into a homotopically equivalent 
AF-algebra A^o- The zero-dimensional matrix model has a clear geometric origin 
through toroidal compactification, while the one-dimensional matrix model has 
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a nice physical interpretation. The mapping / 7n(/) truncates the infinite 

number of image D-branes living on the covering space of to a finite 

number q q', corresponding to the physical open string modes which are invariant 
under the action of the truncated momentum lattice {1i/qq' Z)^. 
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